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ABSTRACT 
Waveguides are used to transfer electromagnetic energy from one location to another. 
Within many electronic circles, waveguides are commonly used for microwave RF signals; the 
same principle can be used for many forms of waves from sound to light. They have been used in 
many technologies like acoustic waveguide speaker technology, high-performance passive 
waveguide technologies for remote sensing and communication, optical computing, robotic-
vision, biochemical sensing and many more. 
Modern waveguide technology employs a variety of waveguides with different cross 
sections and perturbations, the cutoff frequencies and mode shapes of many of these waveguides 
are ill-suited for determination by an analytical method. In this thesis, we solve this type of 
waveguides by employing the numerical procedure of finite difference method.  By adopting 
finite difference approach with an application of eigenvalue method, we discuss about few 
different types of these waveguides in determining the cutoff frequencies of supported modes, 
and extracting the possible degenerate modes and their field distributions. To validate the method 
and its accuracy, it is applied to the two well known rectangular waveguides, viz. PEC 
Rectangular Waveguide and Artificial Rectangular Waveguide (consists of PEC and PMC walls) 
and compared with the analytical solutions. 
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CHAPTER I 
FINITE DIFFERENCE METHOD 
Analysis of hollow conducting waveguides is an area that has been in the limelight lately. 
Various methods to find the cutoff wavenumbers are available in the literature. For example, 
finite difference time domain approach by using the integral form of Maxwell’s equations [1], 
finite element method [2], method of moments by using the surface integral equation [3, 4], and 
spectrum of two dimensional solutions with an application of asymptotic waveform evaluation 
[5].  
Treatment of waveguides with arbitrary cross section is a challenging task to solve by an 
analytical method. Though numerous approaches are available in the literature to solve this 
problem, they may be deficient in the areas, viz. simplicity, accuracy and speed.  
A finite difference approach with an application of eigenvalue method has been used here 
because of its simplicity, accuracy and speed. This method to solve for the waveguide’s cutoff 
wavenumbers, cutoff frequencies and mode shapes has been explained. 
1.1 Introduction to Finite Difference Method 
The finite difference method (FDM) was first developed by A. Thom  in the 1920s 
under the title “the method of squares” to solve nonlinear hydrodynamic equations. Finite 
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difference methods have dominated computational science since its inception and were the 
method of choice in the 1960s and 1970s [6]. 
From the study of [7], while integral equation based methods have been employed 
occasionally [8,9], partial differential equation (PDE) based methods have been proven to be 
more practical and have seen broader use.  
Several key attributes combine to make the finite difference method, a useful and 
powerful tool. First is the method’s simplicity; Maxwell’s equations in differential form are 
discretized in space and time in a straight forward manner. Second, since the method tracks 
the time-varying fields through out a volume of space, finite difference results lend 
themselves well to scientific visualization methods. These, in turn, provide the user with 
excellent physical insights on the behavior of electromagnetic fields. 
Since then, the method has found applications in solving different field problems. 
While other methods, such as the finite element method and boundary element have enjoyed 
recent popularity, finite difference methods are still utilized for a wide array of 
computational engineering and science problems. 
 
1.2 General Concepts of Finite Difference Method 
Before proceeding to discuss the mathematical formalities of the finite difference method, 
we will discuss about the Taylor’s series. From elementary calculus, we remember that the 
Taylor series formula is used to expand a function, 𝑓(𝑥) as a power series, 
𝑓(𝑥) = 𝑓(𝑎) + (𝑥 − 𝑎)1! 𝑓′(𝑎) + (𝑥 − 𝑎)22! 𝑓′′(𝑎) + ⋯                                        
 3 
 
𝑓(𝑥) = � (𝑥 − 𝑎)𝑛
𝑛! 𝑓(𝑛)(𝑎)∞
𝑛=0
                                                   (1.1) 
We replace 𝑥 and 𝑎 by 𝑥 + ∆𝑥 and 𝑥  respectively, the Taylor series now becomes 
𝑓(𝑥 + ∆𝑥) = 𝑓(𝑥) + ∆𝑥1! 𝑓 ′(𝑥) + (∆𝑥)22! 𝑓 ′′(𝑥) + ⋯                     
𝑓(𝑥 + ∆𝑥) = � (∆𝑥)𝑛
𝑛! 𝑓(𝑛)(𝑥)∞
𝑛=0
                                           (1.2)   
 It is convenient to take only the first two terms of the right hand side of the previous 
equation, upon solving for the first order, forward difference approximant to 𝑓′(𝑥), 
𝑓′(𝑥) = 𝑓  (𝑥 + ∆𝑥) − 𝑓  (𝑥)
∆𝑥
                                               (1.3) 
Likewise, we can define the first order, backward difference approximant to 𝑓 ′(𝑥), (just 
substitute −∆𝑥 instead∆𝑥 in the expansion) 
𝑓′(𝑥) = 𝑓  (𝑥) − 𝑓  (𝑥 − ∆𝑥)
∆𝑥
                                               (1.4) 
And, the first order, central difference approximant to 𝑓 ′(𝑥), is obtained by the above two 
equations, and is given by 
𝑓′(𝑥) = 𝑓  (𝑥 + ∆𝑥) − 𝑓  (𝑥 − ∆𝑥)2∆𝑥                                          (1.5) 
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 Similarly, we can also obtain the second order approximations, which include the simple 
calculations, and they are given as: The forward difference formula for the second order 
derivative 
𝑓 ′′(𝑥) = 𝑓  (𝑥 + 2∆𝑥) − 2𝑓  (𝑥 + ∆𝑥) + 𝑓  (𝑥)(∆𝑥)2                                                (1.6) 
The backward difference formula for the second order derivative 
𝑓 ′′(𝑥) = 𝑓  (𝑥) − 2𝑓  (𝑥 − ∆𝑥) + 𝑓  (𝑥 − 2∆𝑥)(∆𝑥)2                                                (1.7) 
The central difference formula for the second order derivative 
𝑓"(𝑥) = 𝑓  (𝑥 + ∆𝑥) − 2𝑓  (𝑥) + 𝑓  (𝑥 − ∆𝑥)(∆𝑥)2                                                  (1.8) 
To apply the difference method to find the solution of a function 𝑈(𝑥, 𝑦), we divide the 
solution region in the 𝑥 –  𝑦   plane into equal rectangles or mesh of sides Δ𝑥 and Δy .We let the 
coordinates (𝑥,𝑦) of a typical grid point or node be 
𝑥 = 𝑖∆𝑥         𝑖 = 0,1,2,3 … … 
𝑦 = 𝑗∆𝑦         𝑗 = 0,1,2,3 … … 
and the value of U at P be 
U𝑃 = U(𝑖, 𝑗)                   
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We use the second order central difference method in this thesis from now. With  the 
above notation , the second order central difference approximations of the derivatives of U at 
the (i,j)th node are obtaıned as follows, 
 
U𝑥𝑥|(𝑖,𝑗) = U(𝑖 − 1, 𝑗) − 2U(𝑖, 𝑗) + U(𝑖 + 1, 𝑗)  (∆𝑥)2                                         (1.9a) 
U𝑦𝑦|(𝑖,𝑗) = U(𝑖, 𝑗 − 1) − 2U(𝑖, 𝑗) + U(𝑖, 𝑗 + 1)  (∆𝑦)2                                      (1.9b) 
Where, U𝑥𝑥|(𝑖,𝑗) 𝑎𝑛𝑑 U𝑦𝑦|(𝑖,𝑗), represents the relationship of the neighboring nodes in the 
𝑥 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 and 𝑦 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 respectively. 
From equations (1.9a) and (1.9b), 
∇ 𝑡2𝑢(𝑃) = 𝑢(𝑅) + 𝑢(𝐿) − 2𝑢(𝑃)(∆𝑥)2 + 𝑢(𝑇) + 𝑢(𝐵)− 2𝑢(𝑃)(∆𝑦)2                          (1.10)  
1.3 Types of Meshing 
Before discussing the formulation of the TE and TM modes, it is necessary to briefly 
discuss the two meshing techniques that were adopted for solving the different problem domains 
considered in this thesis. 
 Here, nodes are created by considering the two conditions. The first condition is to create 
the nodes with constant spacing along the 𝑥 − 𝑎𝑥𝑖𝑠 (𝑖. 𝑒. ,𝑑𝑒𝑙𝑥), and constant spacing along 
the 𝑦 − 𝑎𝑥𝑖𝑠 (𝑖. 𝑒. , 𝑑𝑒𝑙𝑦). This is flexible enough to consider different spacing between nodes in 
𝑥 − 𝑎𝑥𝑖𝑠 𝑎𝑛𝑑 𝑦 − 𝑎𝑥𝑖𝑠 (𝑖. 𝑒. ,𝑑𝑒𝑙𝑥 ≠ 𝑑𝑒𝑙𝑦 ).  In the second condition, it is important the wave 
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equation being solved is applicable in free space. From this, it is important to avoid the creation 
of nodes on boundary of the problem domain. 
First, the staggered mesh which is shown in the figure 1.1, it was used by T. K. Sarkar in 
[10]. In this type of meshing, the spacing between the nodes is constant in their 
respective 𝑎𝑥𝑖𝑠  (𝑖. 𝑒. ,𝑑𝑒𝑙𝑥 𝑖𝑛 𝑥 − 𝑎𝑥𝑖𝑠, 𝑎𝑛𝑑 𝑑𝑒𝑙𝑦 𝑖𝑛 𝑦 − 𝑎𝑥𝑖𝑠 ). And the exterior nodes (i.e., 
outer most nodes) are placed with half of the actual spacing away from the boundary in their 
respective axis (𝑖. 𝑒. , 𝑑𝑒𝑙𝑥
2
 𝑖𝑛 𝑥 − 𝑎𝑥𝑖𝑠,𝑎𝑛𝑑 𝑑𝑒𝑙𝑦
2
 𝑖𝑛 𝑦 − 𝑎𝑥𝑖𝑠 ). 
Second, the original mesh which is shown in the figure 1.2, we consider the constant 
spacing in the creation of every node with respect to the other node in their respective 𝑎𝑥𝑖𝑠   (𝑖. 𝑒. ,𝑑𝑒𝑙𝑥 𝑖𝑛 𝑥 − 𝑎𝑥𝑖𝑠,𝑎𝑛𝑑 𝑑𝑒𝑙𝑦 𝑖𝑛 𝑦 − 𝑎𝑥𝑖𝑠 ). But in this case, the exterior nodes are placed 
away from the boundary with a very small fraction of the actual spacing. 
 
Figure 1.1: Staggered mesh 
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Figure 1.2: Original mesh 
Here we place the exterior nodes away from the boundary (towards inside the problem 
domain) with a very small fraction of the actual spacing in their respective 𝑎𝑥𝑖𝑠 instead of 
considering on the boundary, due to consideration of free space wave equation. We refer these 
nodes (i.e., exterior nodes) as “nodes on the boundary” in this thesis for our convenience. 
From the above two types of meshing, the original meshing, gives us the better solution 
for the domain closer to the boundaries of the problem when compared to the staggered meshing, 
this is due to the nodes near to the boundary. Based on this, we continue with the original 
meshing in solving the problems in the thesis. 
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1.4 FD approach for solving PDE 
 
The finite difference techniques are based upon approximations, which permit 
replacing differential equations by finite difference equations. These finite difference 
approximations are algebraic in form; they relate the value of the dependent variable at a 
point in the solution region to the values at some neighboring points.  
 
Thus a finite difference solution basically involves three steps: 
(1) Dividing the solution region into a grid of nodes. 
(2) Approximating the given differential equation by finite difference equivalent that relates the 
dependent variable at a point in the solution region to its values at the neighboring points. 
(3) Solving the difference equations subject to the prescribed boundary conditions and/or initial 
conditions. 
We consider the Helmholtz or wave equation in free space, ∇2𝑢 + k2𝑢 = 0             (1.11) 
Where, for 𝑇𝑀 modes               𝑢 = 𝐸𝑧 = 𝑒𝑧(𝑥,𝑦)𝑒−𝑗𝛽𝑧                                                            (1.12𝑎)   
and, for 𝑇𝐸modes                        𝑢 = 𝐻𝑧 = ℎ𝑧(𝑥, 𝑦)𝑒−𝑗𝛽𝑧                                                           (1.12𝑏)   
where, k is the wavenumber given by  𝑘2 = 𝜔2
𝑐2
=  𝜔2𝜇𝜀 = 4𝜋2𝑓2
𝑐2
                                             (1.13) 
The 𝜇 𝑎𝑛𝑑 𝜀  are the permeability and permittivity of the free space respectively, and 𝑐 is 
the speed of the light. 
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We solve these problems numerically by two methods using FD approach, and refer to 
them as 𝑀𝑒𝑡ℎ𝑜𝑑 𝐼 (Eigenvalue Method) [11], and 𝑀𝑒𝑡ℎ𝑜𝑑 𝐼𝐼 (Frequency Scanning Method) 
from now.  
 
1.4.1 𝐌𝐞𝐭𝐡𝐨𝐝 𝐈  
Consider the wave equation (1.11),  
∇2𝑢 + k2𝑢 = 0                                                              (1.14) 
�
𝜕2
𝜕𝑥2
+ 𝜕2
𝜕𝑦2
+ 𝜕2
𝜕𝑧2
+  k2� 𝑢 = 0                                         (1.15) 
and from the equations (1.12a-b),  
�
𝜕2
𝜕𝑥2
+ 𝜕2
𝜕𝑦2
− β2 +  k2� 𝑢 = 0                                         (1.16) 
�
𝜕2
𝜕𝑥2
+ 𝜕2
𝜕𝑦2
� 𝑢 = ( β2  −  k2) 𝑢                                     (1.17) 
Let  ∇𝑡2=  𝜕2𝜕𝑥2 + 𝜕2𝜕𝑦2  and let  𝑘𝑡2 =   k2 − β2, then equation  (1.17) becomes 
∇𝑡
2𝑢 = − 𝑘𝑡2 𝑢                                                                 (1.18) 
At cutoff frequency, 𝛽 = 0. So, 
∇𝑡
2𝑢 = − k2 𝑢                                                              (1.19)   
Here we use the central difference formula for the second order derivative for the 
filling of matrix 𝑀� , this will be discussed in chapter III. If 𝑉�  is a non-zero vector and 
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𝑀�𝑉� = 𝜆𝑉�                                                                           (1.20) 
then 𝑉�  is said to be an eigenvector of 𝑀�  with associated eigenvalue λ. On solving this, we get 
various eigenvalues λ and corresponding eigenvectors 𝑉� . From the equations (1.19) and 
(1.20) we can observe the eigenvalues (λ) are nothing but the wavenumbers (− k2) and their 
corresponding eigenvectors are the solution of the particular mode or the associated 
wavenumber. This method is used in detail to solve the different types of waveguides in 
chapter III. 
 
1.4.2 𝐌𝐞𝐭𝐡𝐨𝐝 𝐈𝐈  
From the equation (1.16),  
∇𝑡
2 𝑢 = ( β2  −  k2) 𝑢                                                                (1.21) 
At cutoff frequency, β = 0. Thus, 
( ∇𝑡2 +  k2) 𝑢 = 0                                                                       (1.22) 
This means that when 𝑓 = 𝑓𝑐, for some mode, the matrix  ∇𝑡2 + k2 is singular. Thus, its 
determinant is ‘0’. The matrix  ∇𝑡2 +  k2 is composed of the addition of the matrix 𝑀�  (as 
mentioned in the Method I), and k2, where k2 is given by the equation (1.13). This can be done 
for any range of frequency, so that we can obtain the modes of operation in that particular range 
frequency. We will obtain this by plotting the range of frequency and the determinant of the 
matrix. The value of the determinant of the matrix either changes from the positive value to the 
negative value or vice versa, the cutoff frequencies of the particular modes which are in the 
given frequency range are obtained, as the curve intersects the zero-value at each and every 
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cutoff frequency. This method is used in detail to solve the different types of waveguides in the 
chapter IV. 
The filling of the matrix 𝑀�   will be similar in both 𝑀𝑒𝑡ℎ𝑜𝑑 𝐼 and 𝑀𝑒𝑡ℎ𝑜𝑑 𝐼𝐼 except 
for 𝑀(𝑖, 𝑖) in Method II, in the method, we add the term k2for the  𝑀(𝑖, 𝑖) element in the matrix 
over an operating range of frequency. It will be discussed in detail for the both 𝑇𝐸 mode and 𝑇𝑀 
mode while solving the different types of waveguides in the chapters III and IV.  
 
 
 
 
 
` 
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CHAPTER II 
WAVEGUIDES 
2.1 Introduction 
The portion of the electromagnetic spectrum which falls between 1000 megahertz and 
100,000 megahertz is referred to as the microwave region. Before discussing the principles and 
applications of microwave frequencies, the meaning of the term microwave as it is used in this 
module must be established. On the surface, the definition of a microwave would appear to be 
simple because, in electronics, the prefix “micro” normally means a millionth part of a unit. 
Micro also means small, which is a relative term, and it is used in that sense in this module. 
Microwave is a term loosely applied to identify electromagnetic waves above 1000 megahertz in 
frequency because of the short physical wavelengths of these frequencies. 
 Short wavelength energy offers distinct advantages in many applications. For instance, 
excellent directivity can be obtained using relatively small antennas and low-power transmitters. 
These features are ideal for use in both military and civilian radar and communication 
applications. Small antennas and other small components are made possible by microwave 
frequency applications. This is an important consideration in shipboard equipment planning 
where space and weight are major problems. Microwave frequency usage is especially important 
in the design of shipboard radar because it makes possible the detection of smaller targets.
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Microwave frequencies present special problems in transmission, generation, and circuit 
design that are not encountered at lower frequencies. Conventional circuit theory is based on 
voltages and currents while microwave theory is based on electromagnetic fields.  
The concept of electromagnetic field interaction is not entirely new, since 
electromagnetic fields form the basis of all antenna theory. However, many students of 
electronics find electromagnetic field theory very difficult to visualize and understand [12].  
2.2 Waveguide theory 
The two-wire transmission line used in conventional circuits is inefficient for transferring 
electromagnetic energy at microwave frequencies. At these frequencies, energy escapes by 
radiation because the fields are not confined in all directions, as illustrated in figure 2.1. 
                                     
Figure 2.1: End view of two wire line [12]. 
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Coaxial lines are more efficient than two-wire lines for transferring electromagnetic 
energy because the fields are completely confined by the conductors, as illustrated in figure 2.2. 
                                         
Figure 2.2: End view of coaxial cable [12]. 
Waveguides are the most efficient way to transfer electromagnetic energy. Waveguides 
are essentially coaxial lines without center conductors. They are constructed from conductive 
material and may be rectangular, circular, or elliptical in shape, as shown in figure 2.3. 
                                       
Figure 2.3: Waveguide shapes [12]. 
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2.2.1 Waveguide Advantages 
Waveguides have several advantages over two-wire and coaxial transmission lines. For 
example, since the copper losses (𝐼2𝑅)  are inversely proportional to the surface area of the 
conductor. Two-wire transmission lines have large copper losses because they have a relatively 
small surface area. The surface area of the outer conductor of a coaxial cable is large, but the 
surface area of the inner conductor is relatively small, thus the copper losses are also large in the 
coaxial cable compared to the waveguides, because the large surface area of waveguides greatly 
reduces copper losses. 
 
2.2.2 Waveguide Disadvantages 
Physical size is the primary lower-frequency limitation of waveguides. The width of a 
waveguide must be approximately a half wave length at the frequency of the wave to be 
transported. For example, a waveguide for use at 1 megahertz would be about 500 feet wide (i.e., 
approximately 166 meters). This makes the use of waveguides at frequencies below 1000 
megahertz increasingly impractical. The lower frequency range of any system using waveguides 
is limited by the physical dimensions of the waveguides. 
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2.3 Rectangular Waveguides 
The rectangular waveguide with a cross section as illustrated in figure 2.4 is an example 
of a waveguiding device that will not support a transverse electromagnetic (TEM) wave. 
Consequently, it turns out that unique voltage and current waves do not exist, and the analysis of 
the waveguide properties has to be carried out as a field problem rather than as a distributed-
parameter-circuit problem. 
                            
                                   
Figure 2.4: Rectangular Waveguide. 
Since a TEM wave does not have any axial field components and there is no center 
conductor on which conduction current can exist, a TEM wave cannot be propagated in a hollow 
rectangular or cylindrical waveguide. The types of waves that can be supported (propagated) in a 
hollow waveguide are the transverse electric (TE) and transverse magnetic (TM) modes. 
Specifically, for transmission lines, the solution of interest is a transverse electromagnetic 
wave with transverse components only, that is 𝐸𝑧 = 𝐻𝑧 = 0, whereas for waveguides, solutions 
with 𝐸𝑧 = 0 and 𝐻𝑧 = 0 are not possible. Because of the widespread occurrence of such field 
solutions, the following classification of solutions is of particular interest [13]. 
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1. TEM waves. These solutions have  𝐸𝑧 = 𝐻𝑧 = 0. This is a function of the 
transverse coordinates only and is a solution of the two-dimensional Laplace’s 
equation. 
2. TE or H, modes. These solutions have 𝐸𝑧 = 0 and 𝐻𝑧 ≠ 0. All the field 
components may be derived from the axial component 𝐻𝑧 of magnetic field. 
3. TM or 𝐸, modes. These solutions have 𝐻𝑧 = 0 and 𝐸𝑧 ≠ 0. The field components 
may be derived from𝐸𝑧. 
As discussed, the hollow rectangular waveguide can support TE and TM Waves but not 
TEM waves. We will discuss about this in detail from [14], 
On assuming the waveguide region is source free, Maxwell’s equation can be written as 
∇x𝐸� = −𝑗𝜔µ𝐻�                                                         (2.1) 
∇x𝐻� = 𝑗𝜔𝜀𝐸�                                                          (2.2) 
With an 𝑒−𝑗𝛽𝑧 dependence, the three components of each of the above vector equation 
can be reduced as following: 
𝜕𝐸𝑧
𝜕𝑦
+ 𝑗𝛽𝐸𝑦 =  −𝑗𝜔µ𝐻𝑥,                                            (2.3𝑎) 
−𝑗𝛽𝐸𝑥 −
𝜕𝐸𝑧
𝜕𝑥
= −𝑗𝜔µ𝐻𝑦,                                            (2.3𝑏) 
𝜕𝐸𝑦
𝜕𝑥
−  𝜕𝐸𝑥
𝜕𝑦
= −𝑗𝜔µ𝐻𝑧,                                             (2.3𝑐) 
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𝜕𝐻𝑧
𝜕𝑦
+  𝑗𝛽𝐻𝑦 =  𝑗𝜔𝜀𝐸𝑥,                                              (2.3𝑑) 
−
𝜕𝐻𝑧
𝜕𝑥
−  𝑗𝛽𝐻𝑥 =  𝑗𝜔𝜀𝐸𝑦,                                              (2.3𝑒) 
𝜕𝐻𝑦
𝜕𝑥
−  𝜕𝐻𝑥
𝜕𝑦
= 𝑗𝜔𝜀𝐸𝑧 ,                                              (2.3𝑓) 
The above equations (2.3) can be solved for four transverse field components in terms of  𝐸𝑧and 𝐻𝑧as follows  
𝐻𝑥 = 𝑗𝑘𝑐2  �𝜔𝜀 𝜕𝐸𝑧𝜕𝑦 − 𝛽 𝜕𝐻𝑧𝜕𝑥 � ,                                             (2.4𝑎) 
𝐻𝑦 = −𝑗𝑘𝑐2  �𝜔𝜀 𝜕𝐸𝑧𝜕𝑥 + 𝛽 𝜕𝐻𝑧𝜕𝑦 � ,                                              (2.4𝑏) 
𝐸𝑥 = −𝑗𝑘𝑐2  �𝛽 𝜕𝐸𝑧𝜕𝑥 + 𝜔µ𝜕𝐻𝑧𝜕𝑦 � ,                                               (2.4𝑐) 
𝐸𝑦 = 𝑗𝑘𝑐2  �−𝛽 𝜕𝐸𝑧𝜕𝑦 + 𝜔µ𝜕𝐻𝑧𝜕𝑥 � ,                                              (2.4𝑑) 
where,                                                 𝑘𝑐2 = 𝑘 2 − 𝛽 2,                                                            (2.5𝑎) 
has been defined as the cutoff wavenumber;  
𝑘 =  𝜔�𝜇𝜀 = 2𝜋
𝜆
                                                      (2.5𝑏) 
is the wavenumber of the material filling the waveguide region.  
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2.3.1  TE Wave   
As we discussed earlier, for TE wave 𝐸𝑧 = 0 and 𝐻𝑧 ≠ 0. All the field components may 
be derived from the axial component 𝐻𝑧 of magnetic field. From the equations (2.4) we get the 
transverse electric and transverse magnetic fields by considering the axial field components 
(𝐸𝑧 = 0 and 𝐻𝑧 ≠ 0) and can be written in terms of the 𝐻𝑧 component as 
𝐻𝑥 = −𝑗𝛽𝑘𝑐2  𝜕𝐻𝑧𝜕𝑥 ,                                                              (2.6𝑎) 
𝐻𝑦 = −𝑗𝛽𝑘𝑐2  𝜕𝐻𝑧𝜕𝑦 ,                                                              (2.6𝑏) 
 𝐸𝑥 = −𝑗𝜔µ𝑘𝑐2  𝜕𝐻𝑧𝜕𝑦 ,                                                              (2.6𝑐) 
𝐸𝑦 = 𝑗𝜔µ𝑘𝑐2  𝜕𝐻𝑧𝜕𝑥 ,                                                              (2.6𝑑) 
In this case, 𝑘𝑐 ≠ 0 and the propagation constant 𝛽 = �𝑘2 − 𝑘𝑐2 is generally a function 
of frequency and the geometry of the guide. To apply equations (2.6), one must first find 𝐻𝑧 
from the Helmholtz wave equation. This can be solved by adopting a method of separation 
variables followed by the tangential field boundary conditions. From which, we will be able to to 
apply the field distributions (2.6). 
And from [14], the propagation constant is 
β = �𝑘2 − 𝑘𝑐2 =  �𝑘2 − (𝑚𝜋𝑎 )2 − (𝑛𝜋𝑏 )2                        (2.7) 
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Which is seen to be real, corresponding to a propagation mode, when  
𝑘  > 𝑘𝑐 = �(𝑚𝜋𝑎 )2 + (𝑛𝜋𝑏 )2  
Each mode (combination of m and n) thus has a cutoff frequency 𝑓𝑐𝑚𝑛  given by  
𝑓𝑐𝑚𝑛 = 𝑘𝑐2𝜋�µ𝜀 = 12𝜋�µ𝜀 �(𝑚𝜋𝑎 )2 + (𝑛𝜋𝑏 )2                         (2.8) 
The mode with the lowest cutoff frequency is called the dominant mode. Since we have assumed 
a>b, the lowest cutoff frequency occurs for the 𝑇𝐸10 (𝑚 = 1, 𝑛 = 0) mode: 
𝑓𝑐10 = 12𝑎�µ𝜀                                                            (2.9) 
Thus, the 𝑇𝐸10 is the dominant TE mode and, as we will see, the overall dominant mode 
of the rectangular waveguide. 
From [15], 𝑇𝐸00 mode exists in the source plane 𝑧 − 𝑧′, but is not allowed to propagate in 
the wave guide (vanishes at any point 𝑧 ≠ 𝑧′ ). This mode is associated with the “power sorted” 
in the vicinity of the source plane. Note also that it has no variation with respect to x or y 
variables. Still, this does not violate the boundary conditions, as the longitudinal magnetic field 
should have the maximum value on the perfectly conducting walls of the waveguides, including 
the special case of a constant value all over the cross section. It is worth mentioning that this 
term will also occur in the dual problem: the electric field produced by a longitudinal electric 
current source in a waveguide with perfectly magnetic walls. 
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2.3.2 TM Wave 
Similarly, for TM wave 𝐻𝑧 = 0 and 𝐸𝑧 ≠ 0. All the field components may be derived 
from the axial component 𝐸𝑧 of electric field. From the equations (2.4) we get the transverse 
electric and transverse magnetic fields by considering the axial field components (𝐻𝑧 = 0 and 
𝐸𝑧 ≠ 0) and can be written in terms of the 𝐸𝑧 component as 
𝐻𝑥 = 𝑗𝜔𝜀𝑘𝑐2  𝜕𝐸𝑧𝜕𝑦 ,                                                           (2.10𝑎) 
𝐻𝑦 = −𝑗𝜔𝜀𝑘𝑐2  𝜕𝐸𝑧𝜕𝑥 ,                                                          (2.10𝑏) 
𝐸𝑥 = −𝑗𝛽𝑘𝑐2  𝜕𝐸𝑧𝜕𝑥 ,                                                           (2.10𝑐) 
𝐸𝑦 = −𝑗𝛽𝑘𝑐2  𝜕𝐸𝑧𝜕𝑦 ,                                                          (2.10𝑑) 
As in the TE case , 𝑘𝑐 ≠ 0 and the propagation constant β = �𝑘2 − 𝑘𝑐2 is a function  of 
frequency and the geometry of the line or guide , 𝐸𝑧 is found from the Helmholtz wave equation, 
and the solving procedure is same as the TE case. And from [14], the propagation constant is 
β = �𝑘2 − 𝑘𝑐2 =  �𝑘2 − (𝑚𝜋𝑎 )2 − (𝑛𝜋𝑏 )2                        (2.11) 
Which is seen to be real, corresponding to a propagation mode, when 𝑘 > 𝑘𝑐 = �(𝑚𝜋𝑎 )2 + (𝑛𝜋𝑏 )2  
Each mode (combination of m and n) thus has a cutoff frequency 𝑓𝑐𝑚𝑛  for TM case is same as 
that of the TE mode, and is given by  
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𝑓𝑐𝑚𝑛 = 𝑘𝑐2𝜋�µ𝜀 = 12𝜋�µ𝜀 �(𝑚𝜋𝑎 )2 + (𝑛𝜋𝑏 )2                         (2.12) 
and is real for propagating modes, and imaginary for evanescent modes. The cutoff frequency for 
the 𝑇𝑀𝑚𝑛 modes is also same as that of the 𝑇𝐸𝑚𝑛 modes. The guide wavelength and phase 
velocity for TM modes are also the same as those for TE modes. 
The field expressions are zero for either 𝑚 = 0 𝑜𝑟 𝑛 = 0, thus there are no 
𝑇𝑀00 ,𝑇𝑀10 𝑜𝑟 𝑇𝑀01 modes, and the lowest order 𝑇𝑀  mode to propagate (lowest cutoff 
frequency) is the 𝑇𝑀11 mode. The lowest cutoff frequency for 𝑇𝑀11 mode is given by 
𝑓𝑐11 = 12�µ𝜀 � ( 1𝑎 )2 + ( 1𝑏 )2                                        (2.13) 
At a given operating frequency 𝑓, only those modes having 𝑓𝑐 < 𝑓 will propagate; modes 
with 𝑓𝑐 > 𝑓 will lead to an imaginary β (or real α), meaning that all field components will decay 
exponentially away from the source of excitation. Such modes are referred to as cutoff, or 
evanescent modes. If more than one mode is propagating, the waveguide is said to be 
overmoded.    
Degenerate modes: Two or more modes having the same cutoff frequencies with the 
different field distributions are known as the degenerate modes. 
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CHAPTER III 
DETRMINATION OF WAVENUMBERS OF THE SUPPORTED 
MODES BY WAVEGUIDES USING METHOD I 
3.1 Introduction 
 
The finite difference method is a commonly employed numerical method in solving the 
electromagnetic problems. We will discuss finite difference method usage to determine the 
different possible modes and their field distributions in the different types of waveguides. We 
can obtain any number of possible mode’s wavenumbers and the cutoff frequencies in both the 
cases (i.e., TE and TM cases) in that particular 
r waveguide. Here we adopt two methods using finite difference approach, and we will 
compare them with the analytical solutions for the first two waveguides.  
In this chapter, we determine the wavenumbers and cutoff frequencies of the modes, that 
are supported by the waveguides, by adopting the finite difference Method I, and we are familiar 
to use the Method I, as we have already discussed in chapter I.  
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 Mainly we will discuss the four different types of waveguides: 
(i) Perfect Electric Conductor Rectangular Waveguide: A rectangular wave guide 
with PEC walls on all sides.  
(ii) Artificial Rectangular Waveguide: A rectangular waveguide with PEC boundary 
on bottom and top walls, and perfect magnetic conductor (PMC) boundary on side 
walls. We use the terminology Artificial Rectangular Waveguide in this thesis 
from now. 
(iii) PEC Rectangular Waveguide with PEC Fin. 
(iv) L-Shape Waveguide 
 
Figure 3.1: Classification of different cases of nodes. 
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3.2 Different cases of nodes used in Matrix filling 
 
              Here we use the central difference formula for the second order derivative (equations 
1.9 and 1.10) for the filling of matrix 𝑀� , in this filling procedure we come across the nine 
different cases of nodes to be considered. The nine different cases of nodes can be observed 
clearly from figure 3.1, 
 
3.2.1 Interior nodes: 
                                     
Figure 3.2: Interior nodes of any Cartesian problem domain. 
We have, 
∇ 𝑡2𝑢(𝑃) = 𝑢(𝑅) + 𝑢(𝐿) − 2𝑢(𝑃)(∆𝑥)2 + 𝑢(𝑇) + 𝑢(𝐵) − 2𝑢(𝑃)(∆𝑦)2                             (3.1) 
If we are at the interior node  # "𝑖" , from the equations (1.9 - 1.10), 𝑀(𝑖, 𝑗) = 0 𝑒𝑥𝑐𝑒𝑝𝑡, 
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𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2                                                   (3.2𝑎) 
𝑀(𝑖, 𝑖 − 1) =  1(∆𝑥)2                                                        (3.2𝑏) 
𝑀(𝑖, 𝑖 + 1) =  1(∆𝑥)2                                                        (3.2𝑐) 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  1(∆𝑦)2                                                       (3.2𝑑) 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  1(∆𝑦)2                                                      (3.2𝑒) 
Where, 𝑖 − 1 is the node which is on the left to the node "𝑖",  𝑖 + 1 is the node which is on the 
right to the node "𝑖", 𝑖 − 𝑛𝑥 is the node which is on the bottom to the node "𝑖", 𝑖 + 𝑛𝑥 is the node 
which is on the top to the node "𝑖".   
We discuss the two different cases of solving for the nodes on the left boundary, and can 
be used these principles in solving the other nodes of the problem domain. 
3.2.2 TE case and PEC boundary: 
We consider the TE case and PEC boundary. In this case, we do not have the left node. 
The value of derivative of the field goes to zero at the boundary, and the value at the virtual node 
(left node) is equal to the right node. Thus, the value of the right node with respect to the node on 
the boundary "𝑖" from the equation (3.2c) is, 
𝑀(𝑖, 𝑖 + 1) =  2(∆𝑥)2 
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Figure 3.3:  TE case and PEC boundary. 
 
3.2.3 TM case and PEC boundary: 
                          
Figure 3.4:  TM case and PEC boundary. 
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We consider the TM case and PEC boundary. In this case, we do not have the left node. 
The value of the field goes to zero at the boundary, and the value at the virtual node (left node) is 
opposite to the right node. Thus, the value of the right node with respect to the node on the 
boundary "𝑖" from the equation (3.2c) is, 
𝑀(𝑖, 𝑖 + 1) =  0 
3.3 PEC Rectangular Waveguide 
 
PEC rectangular waveguide is a hollow rectangular waveguide with the PEC walls. In 
this thesis, the dimensions of the waveguide are same in all the cases we consider. 
             
Figure 3.5: PEC Rectangular Waveguide cross section. 
 
We consider the dimensions as 𝑎 = 1.5𝑐𝑚 𝑎𝑛𝑑 𝑏 = 1.0 𝑐𝑚 throughout this thesis, and 
the cross section of the waveguide in 𝑥 − 𝑦 plane is considered to solve the problem. 
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We consider the mesh size as, 𝑑𝑒𝑙𝑥 = � 1
𝑛𝑥−1
�  𝑎𝑛𝑑 𝑑𝑒𝑙𝑦 = � 1
𝑛𝑦−1
� , 𝑤ℎ𝑒𝑟𝑒 𝑛𝑥 =31 ,𝑛𝑦 = 21 (𝑛𝑥 − 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑛𝑜𝑑𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑥 − 𝑎𝑥𝑖𝑠), 
 and                        (𝑛𝑦 − 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑛𝑜𝑑𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑦 − 𝑎𝑥𝑖𝑠). 
 
3.3.1 TE Wave 
 
From the equation (1.12b), we have 𝑈 = 𝐻𝑧 = ℎ𝑧(𝑥,𝑦)𝑒−𝑗𝛽𝑧 . Thus for TE waves, the axial or 
longitudinal magnetic field will be present and the axial electric field is zero. 
We consider the original meshing in solving each and every problem from now, and it is 
better to recall regarding the nodes on the boundary from the chapter I, as they are not exactly on 
the boundary, but we address the particular nodes as “the nodes on the boundary” for our 
convenience. 
Case 1: This includes the node which is on the left-bottom corner of the problem domain, 
and it is numbered as “1” in figure 3.1. This node has no left and bottom nodes, the values of the 
right and top nodes corresponding to the left-bottom node can be calculated by using the image 
theory from [16], and all the boundaries we have here in this problem are PEC, and the field we 
are calculating is the magnetic field propagating in 𝑧 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛. Thus,                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
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𝑀(𝑖, 𝑖 + 1) =  2(∆𝑥)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  2(∆𝑦)2   
Case 2: This includes the nodes which are on the bottom boundary of the problem 
domain, and it is numbered as “2” in figure 3.1. These nodes have no bottom nodes, the values of 
the left, right and top nodes corresponding to the particular bottom node can be calculated and 
are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  2(∆𝑦)2   
Case 3: This includes the nodes on the right-bottom corner of the problem domain, and it 
is numbered as “3” in figure 3.1. This node has no right and bottom nodes, the values of the left 
and top nodes corresponding to the right-bottom corner node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  2(∆𝑥)2 
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𝑀(𝑖, 𝑖 + 𝑛𝑥) =  2(∆𝑦)2   
Case 4: This includes the nodes which are on the right boundary of the problem domain, 
and it is numbered as “4” in figure 3.1. These nodes have no right nodes, the values of the left, 
bottom and top nodes corresponding to the particular right node can be calculated and are given 
by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  2(∆𝑥)2 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  1(∆𝑦)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  1(∆𝑦)2   
Case 5: This includes the node which is on the right-top corner of the problem domain, 
and it is numbered as “5” in figure 3.1. This node has no right and top nodes, the values of the 
left and bottom nodes corresponding to the right-top corner node can be calculated and are given 
by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  2(∆𝑥)2 
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𝑀(𝑖, 𝑖 − 𝑛𝑥) =  2(∆𝑦)2   
Case 6: This includes the nodes which are on the top boundary of the problem domain, 
and it is numbered as “6” in figure 3.1. These nodes have no top nodes, the values of the left, 
right and bottom nodes corresponding to the particular top node can be calculated and are given 
by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  2(∆𝑦)2 
Case 7: This includes the node which is on the left-top corner of the problem domain, 
and it is numbered as “7” in figure 3.1. This node has no left and top nodes, the values of the 
right and bottom nodes corresponding to the left-top corner node can be calculated and are given 
by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 + 1) =  2(∆𝑥)2 
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𝑀(𝑖, 𝑖 − 𝑛𝑥) =  2(∆𝑦)2 
Case 8: This includes the nodes which are on the left boundary of the problem domain, 
and it is numbered as “8” in figure 3.1. These nodes have no left nodes, the values of the right, 
top and bottom nodes corresponding to the particular top node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 + 1) =  2(∆𝑥)2 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  1(∆𝑦)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  1(∆𝑦)2 
Case 9: This includes the nodes which are in the interior of the problem domain, and it is 
numbered as “9” in figure 3.1. These nodes have left, right, bottom and top nodes, the values of 
these nodes corresponding to the particular interior node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 1) =  1(∆𝑥)2 
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𝑀(𝑖, 𝑖 − 𝑛𝑥) =  1(∆𝑦)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  1(∆𝑦)2 
Now we have completed the filling of the matrix 𝑀� , and by using the in-built functions of 
the matlab from [17], we solve the above matrix for the eigenvalues and their corresponding 
eigenvectors, which are nothing but the wavenumbers and the field distribution of the axial 
component of the magnetic field (ℎ𝑧) corresponding to the particular wavenumber respectively.   
The dominant mode in this case is 𝑇𝐸10, and we can see the comparison of the 
wavenumbers and their cutoff frequencies for the first few modes obtained by this method 
(Method I), with the analytical Method in table 3.1. The error increases as the mode increases 
and we can decrease the error by increasing the node approximations (i.e.,𝑛𝑥 𝑎𝑛𝑑 𝑛𝑦). 
And also we see the field distributions of the axial component of the magnetic field for 
two modes (𝑇𝐸20 𝑜𝑟 𝑇𝐸21 𝑚𝑜𝑑𝑒) modes from figures 3.6, and 3.7. 
We can observe the modes 𝑇𝐸02 𝑎𝑛𝑑 𝑇𝐸30 with the same cutoff frequency from table 
3.1; we call these modes as the degenerate modes. As we discussed about these modes in chapter 
II, the modes with the same cutoff frequencies but different field distributions are called the 
degenerate modes. We will see the field distributions of these modes from figures 3.8, and 3.9. 
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Table 3.1: Comparison of Solutions for PEC Rectangular Waveguide TE and TM Waves with an 
Analytical Method. 
PEC Rect. W. Analytical Method Numerical Method I 
Modes  (𝑻𝑬𝒎𝒏,𝑻𝑴𝒎𝒏) Wavenumber  (𝒌𝟐) Cutoff-Frequency (𝒇𝒄)( 𝒊𝒏 𝑮𝑯𝒛) 
Wavenumber 
(𝒌𝟐) 
Cutoff-
Frequency (𝒇𝒄)( 𝒊𝒏 𝑮𝑯𝒛  
𝑻𝑬𝟏𝟎 43864.908449 10.000000 43824.837054 9.995431 
𝑻𝑬𝟎𝟏 98696.044011 15.000000 98493.275239 14.984583 
𝑻𝑬𝟏𝟏,𝑻𝑴𝟏𝟏 142560.95246 18.027756 142318.112293 18.012395 
𝑻𝑬𝟐𝟎 175459.63379 20.000000 174819.194130 19.963466 
𝑻𝑬𝟐𝟏,𝑻𝑴𝟐𝟏 274155.67781 25.000000 273312.469368 24.961525 
𝑻𝑬𝟎𝟐 𝒂𝒏𝒅 𝑻𝑬𝟑𝟎 394784.17604 30.000000 391547.869639 29.876782 
𝑻𝑬𝟏𝟐,𝑻𝑴𝟏𝟐 438649.08449 31.622777 435372.70669 31.504456 
𝑻𝑬𝟑𝟏,𝑻𝑴𝟑𝟏 493480.22005 33.541020 490041.14487 33.423941 
𝑻𝑬𝟐𝟐,𝑻𝑴𝟐𝟐 570243.80984 36.055513 566367.06376 35.932744 
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Figure 3.6: Field distribution of the axial component of the magnetic field for  
𝑇𝐸20 mode of PEC Rectangular Waveguide. 
 
Figure 3.7: Field distribution of the axial component of the magnetic field for  
𝑇𝐸21 mode of PEC Rectangular Waveguide. 
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Figure 3.8: Field distribution of the axial component of the magnetic field for  
𝑇𝐸30 mode of PEC Rectangular Waveguide. 
 
Figure 3.9: Field distribution of the axial component of the magnetic field for  
𝑇𝐸02 mode of PEC Rectangular Waveguide. 
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3.3.2 TM Wave 
 
From the equation (1.12b), we have  𝑈 = 𝐸𝑧 = 𝑒𝑧(𝑥, 𝑦)𝑒−𝑗𝛽𝑧 . Thus for TM waves, the axial 
or longitudinal electric field will be present and the axial magnetic field is zero. 
Case 1: This node has no left and bottom nodes, the values of the right and top nodes 
corresponding to the left-bottom node can be calculated by using the image theory from [16], and 
all the boundaries we have here in this problem are PEC, and the field we are calculating here in 
TM Wave is the electric field propagating in 𝑧 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛. Thus,                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 + 1) =  0 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  0   
Case 2: These nodes have no bottom nodes, the values of the left, right and top nodes 
corresponding to the particular bottom node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  0   
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Case 3: This node has no right and bottom nodes, the values of the left and top nodes 
corresponding to the right-bottom corner node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  0 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  0  
Case 4: These nodes have no right nodes, the values of the left, bottom and top nodes 
corresponding to the particular right node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  0 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  1(∆𝑦)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  1(∆𝑦)2   
Case 5: This node has no right and top nodes, the values of the left and bottom nodes 
corresponding to the right-top corner node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  0 
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𝑀(𝑖, 𝑖 − 𝑛𝑥) =  0   
Case 6: These nodes have no top nodes, the values of the left, right and bottom nodes 
corresponding to the particular top node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  0 
Case 7: This node has no left and top nodes, the values of the right and bottom nodes 
corresponding to the left-top corner node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 + 1) =  0 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  0 
Case 8: These nodes have no left nodes, the values of the right, top and bottom nodes 
corresponding to the particular top node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
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𝑀(𝑖, 𝑖 + 1) =  0 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  1(∆𝑦)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  1(∆𝑦)2 
Case 9: This includes the nodes which are in the interior of the problem domain, and it is 
numbered as “9” in the figure 3.1. These nodes have left, right, bottom and top nodes, the values 
of these nodes corresponding to the particular interior node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  1(∆𝑦)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  1(∆𝑦)2 
Similar to previous case (i.e., TE Wave), we solve for the wavenumbers and the field 
distribution of the axial component of the electric field (𝑒𝑧) for possible number of supported 
modes, and the dominant mode in this case is 𝑇𝑀11. 
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For this case (TM Wave), we can see the comparison of the wavenumbers and their 
cutoff frequencies for the first few modes obtained by this method (Method I), with the analytical 
Method in the table 3.1. And also we see the field distributions of the axial component of the 
electric field for 𝑇𝑀11 𝑎𝑛𝑑 𝑇𝑀21 𝑚𝑜𝑑𝑒s in the figures 3.10 and 3.11. 
 
Figure 3.10: Field distribution of the axial component of the electric field for  
𝑇𝑀11 mode of PEC Rectangular Waveguide. 
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Figure 3.11: Field distribution of the axial component of the electric field for  
𝑇𝑀21 mode of PEC Rectangular Waveguide. 
 
 
 
 
 
 
 
 
0 0.005
0.01 0.015
00.0020.004
0.0060.0080.01
-0.1
-0.05
0
0.05
0.1
x-axis
Figure 3.3: Field distribution of the axial component of the electric field for 
TM21  mode 
y-axis
 44 
 
3.4 Artificial Rectangular Waveguide 
 
PEC rectangular waveguide is a hollow rectangular waveguide with the PEC walls. In 
this thesis, the dimensions of the waveguide are similar to the section 3.3, in all the cases we 
consider. 
                              
Figure 3.12: Artificial Rectangular Waveguide 
The bottom and top boundaries are PEC, and the left and right boundaries are PMC in 
Artificial rectangular waveguide.  
3.4.1 TE Wave 
 
From the equation (1.12b), we have 𝑈 = 𝐻𝑧 = ℎ𝑧(𝑥,𝑦)𝑒−𝑗𝛽𝑧 . Thus for TE waves, the axial 
or longitudinal magnetic field will be present and the axial electric field is zero. Here we have two 
different conductors at the boundaries, and the field we need to calculate the magnetic field 
propagating in 𝑧 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛. Thus, from [16], we can calculate for different cases as, 
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Case 1:  This node has no left and bottom nodes, the values of the right and top nodes 
corresponding to the left-bottom node can be calculated and are given by 
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 + 1) =  0 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  2(∆𝑦)2     
Case 2: These nodes have no bottom nodes, the values of the left, right and top nodes 
corresponding to the particular bottom node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  2(∆𝑦)2   
Case 3: This node has no right and bottom nodes, the values of the left and top nodes 
corresponding to the right-bottom corner node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  0 
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𝑀(𝑖, 𝑖 + 𝑛𝑥) =  2(∆𝑦)2      
Case 4: These nodes have no right nodes, the values of the left, bottom and top nodes 
corresponding to the particular right node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  0 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  1(∆𝑦)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  1(∆𝑦)2   
Case 5: This node has no right and top nodes, the values of the left and bottom nodes 
corresponding to the right-top corner node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  0 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  2(∆𝑦)2       
Case 6: These nodes have no top nodes, the values of the left, right and bottom nodes 
corresponding to the particular top node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
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𝑀(𝑖, 𝑖 − 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  2(∆𝑦)2     
Case 7: This node has no left and top nodes, the values of the right and bottom nodes 
corresponding to the left-top corner node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 + 1) =  0 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  2(∆𝑦)2     
Case 8: These nodes have no left nodes, the values of the right, top and bottom nodes 
corresponding to the particular top node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 + 1) =  0 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  1(∆𝑦)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  1(∆𝑦)2 
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Case 9: This includes the nodes which are in the interior of the problem domain, and it is 
numbered as “9” in the figure 3.1. These nodes have left, right, bottom and top nodes, the values 
of these nodes corresponding to the particular interior node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  1(∆𝑦)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  1(∆𝑦)2 
Similar to previous cases, we solve for the wavenumbers and the field distribution of the 
axial component of the magnetic field (ℎ𝑧) for possible number of supported modes, and the 
dominant mode in this case is 𝑇𝐸10. 
For this case (TE Wave), we can see the comparison of the wavenumbers and their cutoff 
frequencies for the first few modes obtained by this method (Method I), with the analytical 
Method in the table 3.2. And also we see the field distributions of the axial component of the 
magnetic field for 𝑇𝐸21 𝑎𝑛𝑑 𝑇𝐸12 𝑚𝑜𝑑𝑒𝑠 in figures 3.13 and 3.14. 
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Table 3.2: Comparison of Solutions for Artificial Rectangular Waveguide TE and TM Waves 
with an Analytical Method. 
Art. Rect. Wav. Analytical Method Numerical Method I 
Modes  (𝑻𝑬𝒎𝒏,𝑻𝑴𝒎𝒏) Wavenumber  (k) Cutoff-Frequency (𝒇𝒄)( 𝒊𝒏 𝑮𝑯𝒛) 
Wavenumber 
(k) 
Cutoff-
Frequenc
y (𝒇𝒄)( 𝒊𝒏 𝑮𝑯  
𝑻𝑬𝟏𝟎 43864.908449 10.000000 43824.837054 9.995431 
𝑻𝑴𝟎𝟏 98696.044011 15.000000 98493.275239 14.984583 
𝑻𝑬𝟏𝟏,𝑻𝑴𝟏𝟏 142560.95246 18.027756 142318.112293 18.012395 
𝑻𝑬𝟐𝟎 175459.63379 20.000000 174819.194130 19.963466 
𝑻𝑬𝟐𝟏,𝑻𝑴𝟐𝟏 274155.67781 25.000000 273312.469368 24.961525 
𝑻𝑬𝟑𝟎,𝑻𝑴𝟎𝟐 394784.17604 30.000000 391547.869639 29.876782 
𝑻𝑬𝟏𝟐,𝑻𝑴𝟏𝟐 438649.08449 31.622777 435372.70669 31.504456 
𝑻𝑬𝟑𝟏,𝑻𝑴𝟑𝟏 493480.22005 33.541020 490041.14487 33.423941 
𝑻𝑬𝟐𝟐,𝑻𝑴𝟐𝟐 570243.80984 36.055513 566367.06376 35.932744 
 50 
 
         
Figure 3.13: Field distribution of the axial component of the magnetic field for  
𝑇𝐸21 mode of Artificial Rectangular Waveguide. 
 
Figure 3.14: Field distribution of the axial component of the magnetic field for  
𝑇𝐸12 mode of Artificial Rectangular Waveguide. 
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3.4.2 TM Wave 
 
From the equation (1.12b), we have 𝑈 = 𝐸𝑧 = 𝑒𝑧(𝑥,𝑦)𝑒−𝑗𝛽𝑧 . Thus for TM waves, the axial 
or longitudinal electric field will be present and the axial magnetic field is zero. Here we have two 
different conductors at the boundaries, and the field we need to calculate the electric field 
propagating in 𝑧 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛. Thus, from [16], we can calculate for different cases as, 
Case 1:  This node has no left and bottom nodes, the values of the right and top nodes 
corresponding to the left-bottom node can be calculated and are given by 
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 + 1) =  2(∆𝑥)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  0     
Case 2: These nodes have no bottom nodes, the values of the left, right and top nodes 
corresponding to the particular bottom node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  0       
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Case 3: This node has no right and bottom nodes, the values of the left and top nodes 
corresponding to the right-bottom corner node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  2(∆𝑥)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  0      
Case 4: These nodes have no right nodes, the values of the left, bottom and top nodes 
corresponding to the particular right node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  2(∆𝑥)2 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  1(∆𝑦)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  1(∆𝑦)2   
Case 5: This node has no right and top nodes, the values of the left and bottom nodes 
corresponding to the right-top corner node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
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𝑀(𝑖, 𝑖 − 1) =  2(∆𝑥)2 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  0       
Case 6: These nodes have no top nodes, the values of the left, right and bottom nodes 
corresponding to the particular top node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  0     
Case 7: This node has no left and top nodes, the values of the right and bottom nodes 
corresponding to the left-top corner node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 + 1) =  2(∆𝑥)2 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  0    
Case 8: These nodes have no left nodes, the values of the right, top and bottom nodes 
corresponding to the particular top node can be calculated and are given by                                  
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𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 + 1) =  2(∆𝑥)2 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  1(∆𝑦)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  1(∆𝑦)2 
Case 9: This includes the nodes which are in the interior of the problem domain, and it is 
numbered as “9” in the figure 3.1. These nodes have left, right, bottom and top nodes, the values 
of these nodes corresponding to the particular interior node can be calculated and are given by                                  
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 + 1) =  1(∆𝑥)2 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  1(∆𝑦)2 
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  1(∆𝑦)2 
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Similar to previous cases, we solve for the wavenumbers and the field distribution of the 
axial component of the electric field (𝑒𝑧) for possible number of supported modes, and the 
dominant mode in this case is 𝑇𝑀01. 
For this case (TM Wave), we can see the comparison of the wavenumbers and their 
cutoff frequencies for the first few modes obtained by this method (Method I), with the analytical 
Method in the table 3.2. And also we see the field distributions of the axial component of the 
electric field for 𝑇𝑀31 𝑎𝑛𝑑 𝑇𝑀22 𝑚𝑜𝑑𝑒𝑠 in figures 3.15, and 3.16. 
 
 
Figure 3.15: Field distribution of the axial component of the electric field for  
𝑇𝑀31 mode of Artificial Rectangular Waveguide. 
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Figure 3.16: Field distribution of the axial component of the electric field for  
𝑇𝑀22 mode of Artificial Rectangular Waveguide. 
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3.5 PEC Rectangular Waveguide with PEC Fin 
 
We consider a PEC rectangular waveguide with introducing PEC fin at the center of the 
bottom PEC wall towards the top PEC wall of the problem domain as shown in figure 3.17. 
                  
Figure 3.17: PEC Rectangular Waveguide with PEC Fin. 
The dimensions we consider here are same as the previous sections, and the height of the 
PEC Fin is “h” which can be varied.  We observe four different cases by varying the length of 
the PEC pin for TM Wave.   
The matrix 𝑀�  filling is similar to the procedure of the TM Wave for the PEC rectangular 
waveguide in section 3.3.2, except for the nodes on the PEC fin. The node of the PEC fin on the 
bottom PEC wall is considered as the case 10 and the other nodes on the PEC fin fall under the 
case 11.  
For the case 10 node, we use the same procedure adopted for the case 1 and case 3 nodes 
in section 3.3.2, and for the case 11 nodes, we use the similar procedure in combination, adopted 
for the case 4 and case 8 nodes in section 3.3.2. 
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From the equation (1.12b), we have 𝑈 = 𝐻𝑧 = ℎ𝑧(𝑥,𝑦)𝑒−𝑗𝛽𝑧 . Thus for TM waves, the axial 
or longitudinal magnetic field will be present and the axial electric field is zero. All the boundaries we 
have here in this problem are PEC similar to the section 3.3.2, and the field we are calculating is 
the magnetic field propagating in 𝑧 − 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛. The four different heights of the PEC fin we 
consider here are 
ℎ = 𝑏4 , 𝑏2 , 3𝑏4 ,𝑎𝑛𝑑 𝑏 
We will see the variation of the cutoff frequencies for the different cases of “h” and 
compare with the case “h=0” below, 
 
Table3.3a: Cutoff frequencies of first few modes for h=0 
  Mode 𝑇𝑀11 𝑇𝑀21 𝑇𝑀12 𝑇𝑀31 𝑇𝑀22 𝑇𝑀32 𝑇𝑀41 
Cutoff 
frequency 
for 
ℎ = 0 
18.012 24.962 31.504 33.424 35.933 42.252 42.441 
 
Table3.3b: Cutoff frequencies of first few modes for ℎ = 𝑏/4 
  Mode 
 
𝑇𝑀�11 𝑇𝑀� 21 𝑇𝑀�12 𝑇𝑀� 31 𝑇𝑀� 22 𝑇𝑀� 32 𝑇𝑀� 41 
Cutoff 
frequency 
for  
ℎ = 𝑏4 
18.925 24.962 32.539 34.404 35.933 43.140 42.441 
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Table3.3c: Cutoff frequencies of first few modes for ℎ = 𝑏/2 
  Mode 
 
𝑇𝑀�11 𝑇𝑀� 21 𝑇𝑀�12 𝑇𝑀� 31 𝑇𝑀� 22 𝑇𝑀� 32 𝑇𝑀� 41 
Cutoff 
frequency 
for  
ℎ = 𝑏2 
21.938 24.962 32.766 37.900 35.933 45.710 42.441 
 
Table3.3d: Cutoff frequencies of first few modes for ℎ = 3𝑏/4 
  Mode 
 
𝑇𝑀�11 𝑇𝑀� 21 𝑇𝑀�12 𝑇𝑀� 31 𝑇𝑀� 22 𝑇𝑀� 32 𝑇𝑀� 41 
Cutoff 
frequency 
for  
ℎ = 3𝑏4  
24.611 24.962 35.100 41.228 35.933 46.658 42.441 
 
Table3.3e: Cutoff frequencies of first few modes for ℎ = 𝑏 
  Mode 
 
𝑇𝑀� 21 𝑇𝑀� 21 𝑇𝑀� 22 𝑇𝑀� 22 𝑇𝑀� 41 𝑇𝑀� 41 𝑇𝑀� 32 
Cutoff 
frequency 
for  
ℎ = 𝑏 
24.962 24.962 35.932 35.932 42.441 42.441 49.666 
 
 
From the tables 3.3a-3.3e, we can observe that the cutoff frequency of the particular 
mode increases as the “h” increases and forms the degenerate mode at  ℎ = 𝑏. 
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From the table 3.3e, we can see that the degenerate modes as, 
𝑇𝑀21,𝑇𝑀22,𝑇𝑀41 … … 
 
In general, The PEC fin of variable height affects the cutoff frequencies of the 
𝑇𝑀𝑚,𝑛 modes with ′𝑚′ as an odd number, and does not affects the cutoff frequencies of the 
𝑇𝑀𝑚,𝑛 modes with ′𝑚′ as an even number. For the PEC fin’s height equal to the height of the 
waveguide (ℎ = 𝑏), 𝑇𝑀𝑚,𝑛 modes (with ′𝑚′ as an odd number) forms the degenerate mode with 
the 𝑇𝑀𝑚∗,𝑛 mode (where 𝑚∗ = 𝑚 + 1). Thus all the permitted modes are the degenerate modes 
of 𝑇𝑀𝑚,𝑛with ′𝑚′ as an even number. 
 
The field distributions of 𝑇𝑀11 in all the cases can be seen in the figures 3.18a - 3.18f. 
 
Figure 3.18a: Field distribution of the axial component of the electric field of  𝑇𝑀11 for “h=0”. 
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Figure 3.18b: Field distribution of the axial component of the electric field of 𝑇𝑀11 for “h=b/4”. 
 
 
Figure 3.18c: Field distribution of the axial component of the electric field of 𝑇𝑀11 for “h=b/2”. 
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Figure 3.18d: Field distribution of the axial component of the electric field of 𝑇𝑀11 for 
“h=3b/4”. 
 
Figure 3.18e: Field distribution of the axial component of the electric field of 𝑇𝑀11 for “h=b” 
(degenerate mode). 
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Figure 3.14f: Field distribution of the axial component of the electric field of 𝑇𝑀11 for “h=b” 
(degenerate mode). 
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3.6 L-Shape Waveguide 
An L-shape waveguide with PEC walls will be solved in this section. Here the 
dimensions of the waveguide’s cross section are shown in the figures 3.19. 
               
Figure 3.19a: An L-Shape Waveguide type 1. 
 
                 
Figure 3.19b: An L-Shape Waveguide type 2. 
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Here, in figure 3.19a, a piece of rectangular PEC patch is placed at the top-right corner of 
the PEC rectangular waveguide (figure 3.2). We have calculated the solution in both the cases 
(figure 3.19a and figure 3.19b) which are in an exact agreement. 
We solve this problem (figure 3.19a), for TM Wave and the axial component of the 
electric field. While matrix filling, for the nodes on the patch we take the values mentioned 
below and for the remaining nodes, we use almost similar procedure. 
𝑀(𝑖, 𝑖) =  −2(∆𝑥)2 + −2(∆𝑦)2   
𝑀(𝑖, 𝑖 − 1) =  0 
𝑀(𝑖, 𝑖 + 1) =  0 
𝑀(𝑖, 𝑖 − 𝑛𝑥) =  0   
𝑀(𝑖, 𝑖 + 𝑛𝑥) =  0   
Table 3.4: Cutoff frequencies of first few modes of an L-Shape Waveguide.  
Modes 𝑇𝑀�11 𝑇𝑀� 21 𝑇𝑀� 22 𝑇𝑀� 31 
Cutoff 
Frequencies 
23.891 32.328 35.933 39.816 
      
And the field distributions for the modes in table 3.4 are given by figures 3.20 – 3.23. 
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Figure 3.20: Field distribution of the axial component of the electric field of 𝑇𝑀11 for an L-
Shape Waveguide. 
 
Figure 3.21: Field distribution of the axial component of the electric field of 𝑇𝑀21 for an L-
Shape Waveguide. 
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Figure 3.22: Field distribution of the axial component of the electric field of 𝑇𝑀22 for an L-
Shape Waveguide. 
 
Figure 3.23: Field distribution of the axial component of the electric field of 𝑇𝑀31 for an L-
Shape Waveguide. 
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CHAPTER IV 
DETERMINATION OF CUTOFF FREQUENCIES OF THE 
MODES SUPPORTED BY WAVEGUIDES USING METHOD II 
As we discussed in Method II in the chapter I, the matrix filling is similar to that we have 
adopted in the Method I in the previous chapter (i.e., chapter II) in solving the different types of 
waveguides, except the diagonal elements of the matrix. In this method, the diagonal elements of 
the matrix 𝑀� are associated with the extra term "k2" as in the equation (1.22), and this term is given by 
the equation (1.13) as 
𝑘2 = 𝜔2
𝑐2
=  𝜔2𝜇𝜀 = 4𝜋2𝑓2
𝑐2
        
Where,  𝑘   𝑖𝑠 𝑡ℎ𝑒 𝑤𝑎𝑣𝑒𝑛𝑢𝑚𝑏𝑒𝑟, 𝑐 − 𝑠𝑝𝑒𝑒𝑑 𝑜𝑓 𝑙𝑖𝑔ℎ𝑡,𝑓 − 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦 
We add this term (square of the wavenumber) for every diagonal element (𝑖. 𝑒. ,𝑀(𝑖, 𝑖))  
for every frequency as we discussed in the section 1.4.2. We obtain the value of the determinant 
of the matrix 𝑀��� , and this is done for the range of frequency of interest. So, we can plot the range of 
frequency vs the values of the determinant of the matrix 𝑀� at each and every frequency we calculated. A 
point to remember is that, the increment in the frequency must be small in order to get the near-by value 
of the zero to track the cutoff frequencies. We use an iterative method for range of frequencies, in 
order to get the value of the determinant of the matrix at each and every frequency we consider. 
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We will see the results of the different types of waveguides, which we have solved by 
using Method I in chapter III. And we no more discuss about the procedure of solving in this 
chapter, as we have discussed in detail for the same waveguides in the previous chapter. 
 
4.1 PEC Rectangular Waveguide 
We consider the mesh size as, 
𝑑𝑒𝑙𝑥 = � 1
𝑛𝑥 − 1�  𝑎𝑛𝑑 𝑑𝑒𝑙𝑦 = � 1𝑛𝑦 − 1�,   (𝑛𝑥 − 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑛𝑜𝑑𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑥 − 𝑎𝑥𝑖𝑠), 
 and                        (𝑛𝑦 − 𝑛𝑢𝑚𝑏𝑒𝑟 𝑜𝑓 𝑛𝑜𝑑𝑒𝑠 𝑖𝑛 𝑡ℎ𝑒 𝑑𝑖𝑟𝑒𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑦 − 𝑎𝑥𝑖𝑠) 
We plot the curves for two node approximations, one is 𝑤ℎ𝑒𝑟𝑒 𝑛𝑥 = 16 ,𝑛𝑦 = 11 and 
the other is for 𝑤ℎ𝑒𝑟𝑒 𝑛𝑥 = 31 ,𝑛𝑦 = 21. This is done for all the problems in this chapter. 
4.1.1 TE Wave 
        
Figure 4.1a: Determination of cutoff frequencies of TE wave for PEC Rectangular 
Waveguide (𝑛𝑥 = 16 , 𝑛𝑦 = 11). 
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Figure 4.1a: Determination of cutoff frequencies of TE wave for PEC Rectangular 
Waveguide (𝑛𝑥 = 31 , 𝑛𝑦 = 21). 
As the mode increases, the error in the cutoff frequencies increases. We can decrease the 
error by approximating the higher number of nodes, which is meant for the small mesh size.  
And also we can observe little difference in the cutoff frequencies of Method I and 
Method II, this is due to the increment in the frequency step in the iterative procedure. 
In both the graphs above, we can see the curve at frequency =29.88 GHz is turning back 
without continuing the flow into the negative part of the graph. This is due to the degenerate 
modes 𝑇𝐸02 𝑎𝑛𝑑 𝑇𝐸30.  
From this we can also observe the degenerate modes very easily. 
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4.1.2 TM Wave 
 
Figure 4.2a: Determination of cutoff frequencies of TM wave for PEC Rectangular 
Waveguide (𝑛𝑥 = 16 , 𝑛𝑦 = 11). 
 
Figure 4.2b: Determination of cutoff frequencies of TM wave for PEC Rectangular 
Waveguide (𝑛𝑥 = 31 , 𝑛𝑦 = 21). 
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For TM Wave also we have a good agreement with the analytical solutions and 
Method I solutions, and we can compare them from table 3.1. 
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4.2 Artificial Rectangular Waveguide 
We have all specifications, dimensions and procedure regarding the Artificial 
Rectangular Waveguide in the section 3.4.  
 
4.2.1 TE Wave 
 
Figure 4.3a: Determination of cutoff frequencies of TE wave for Artificial Rectangular 
Waveguide (𝑛𝑥 = 16 , 𝑛𝑦 = 11). 
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Figure 4.3b: Determination of cutoff frequencies of TE wave for Artificial Rectangular 
Waveguide (𝑛𝑥 = 31 , 𝑛𝑦 = 21). 
4.2.2 TM Wave 
           
Figure 4.4a: Determination of cutoff frequencies of TM wave for Artificial Rectangular 
Waveguide (𝑛𝑥 = 16 , 𝑛𝑦 = 11). 
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Figure 4.4b: Determination of cutoff frequencies of TM wave for Artificial Rectangular 
Waveguide (𝑛𝑥 = 31 , 𝑛𝑦 = 21). 
For the Artificial Rectangular Waveguide also, the solutions obtained by Method II are in 
good agreement with the analytical solutions and Method I solutions. We can compare this from 
table 3.2, for both TE and TM Waves. 
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4.3 PEC Rectangular Waveguide with PEC Fin 
We have all specifications, dimensions and procedure regarding the PEC Rectangular 
Waveguide with PEC Fin in the section 3.5. 
Here we plot the solution curve only for the case ℎ = 𝑏.  From table 3.3e, we can see 
only the degenerate modes in this case, and compare with the cutoff frequencies obtained from 
the solution curve obtained by using the Method II, which are very well agreed. 
 
 
 
Figure 4.5: Determination of cutoff frequencies of TM wave for PEC Rectangular Waveguide 
with PEC Fin (𝑛𝑥 = 21 ,𝑛𝑦 = 21). 
24 26 28 30 32 34 36 38 40 42
-5
-4.5
-4
-3.5
-3
-2.5
-2
-1.5
-1
-0.5
0
0.5
X: 35.91
Y: -0.002062
Frequency in GHz
de
t(
M
/c
on
st
an
t)
PEC Rectangular Waveguide with PEC Fin TM case nx=21 ny=21
X: 24.93
Y: -0.03278
 77 
 
 
4.4   L-Shape Waveguide  
We have all specifications, dimensions and procedure regarding the L-Shape Waveguide 
in the section 3.6.   
On observing the table 3.4, we can say that the cutoff frequencies of an L-Shape 
Waveguide in the Method II are very well agreed with the cutoff frequencies in the Method I. 
 
 
Figure 4.6: Determination of cutoff frequencies of TM wave for an L-Shape Waveguide           (𝑛𝑥 = 21 ,𝑛𝑦 = 21). 
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plot the values, we adopt a constant to divide the matrix 𝑀�  before the value of determinant of the 
matrix calculated. And also the scale size on the y-axis will be decreased to the range where we 
can track the cutoff frequencies easily. 
When we compare the two methods we have adopted here in this thesis to determine the 
cutoff frequencies of the waveguides, Method I has an advantage over the Method II. The 
advantage is that we can get the field distributions for the corresponding cutoff frequency 
without any further procedure and calculations. Method I might require more computation, if the 
matrix is very large.  
 
 Linear Interpolation: 
Estimation of an unknown quantity between two known quantities  
or drawing conclusions about missing information from the available information is known as 
Interpolation. Interpolation is meant for estimation. There are few types of interpolations, and 
Linear Interpolation is one among them.  
By this we can calculate the exact cutoff frequencies from the above curve by making use 
of the other data points in the curve. This makes easier to calculate the exact cutoff frequencies 
from the curve, which is independent of the frequency step considered. 
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CHAPTER V 
CONCLUSION 
1. This method is known for simplicity and accuracy. 
2. Determination of the cutoff frequencies and mode shapes of waveguides, which are 
ill-suited for determination by an analytical method. 
3. Determination of the supported modes in a given frequency very easily. 
4. Extraction of the degenerate modes without any further effort. 
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